Abstract: Lateral tape motion (LTM) is defined as the lateral deviation of the tape from its prescribed strain-free state path. The effects of tape, roller, guide or reel imperfections on the LTM are reasonably well understood. Yet, the effects of disturbances in the longitudinal (in-plane) direction, which can couple into LTM, have not been well described. Longitudinal tape vibrations can be due to, but not limited to a) tension dynamics due to servo control of the tape reels, and/or tension impulses due to the unwinding of tape layers that experience sticking. The problem is further complicated due to the uncertainty of the tape length on the downstream side, as a result of the "floating layers" in the take-up reel. In this work, the equations of motion of the longitudinal and lateral tape motion are derived from first principles. The coupling due to non-linear longitudinal strain is considered. The equations of motion are solved by using the finite element method, and an explicit time integration algorithm. The entire tape path is modeled directly, where the interaction of the tape with the recording head and the guides are represented as concentrated forces, and moments. The effects of disturbances, typical for a tape transport system, on the coupling or lack there off are investigated.
INTRODUCTION
Lateral tape motion (LTM) can be described as deviation of the tape from its prescribed path, in the plane of the tape, in the lateral direction. Any imperfections in the alignment of the rollers, fixed guides, read-write (RW) heads, and tape reels, as well as the small and random variations in the tape width can cause LTM. The effects of such imperfections have been modeled extensively by using a linear steady state model (Raeymaekers and Talke, 2009a , Raeymaekers and Talke, 2009b and a linear transient model (Brake and Wickert, 2010a, Kartik and Wickert, 2008b) . In practice the effects of LTM can be handled by moving the RW-head laterally, with a servo-control strategy that follows magnetic servo-tracks pre-written on the tape (Brake and Wickert, 2010a) . On the other hand, the effects of the events that cause sudden or random changes in tape tension have not been well understood (Anonymous, 2012) . Longitudinal tape vibrations can be caused by various effects. For example, micro-slip between a smooth tape and a RW-head can cause scrape flutter. During start-up, the tape that has been stuck on a head, or a pack layer can suddenly release a tension wave, which will propagate through the tape path with unknown consequences. Such tension or transport speed fluctuations could cause parametric resonance. Several efforts have been made to understand such nonlinear, parametrically excited systems (Chen et al., 2010 , Kartik and Wickert, 2008a , Mockensturm and Guo, 2005 , Parker and Lin, 2001 , Zhang and Zhu, 1999b , Zhang and Zhu, 1999a . However, these works were restricted to very simple tape drive layouts. Tension and transport speed control were also studied related to lateral tape motion (Raeymaekers and Talke, 2009b , Shelton, 1968 , Young et al., 1989 , Sievers, 1987 , Aravind and Pagilla, 2010 and simple stretch in longitudinal direction (Branca et al., 2013 , Lee et al., 2010 . A model that couples deflection in these two directions has not been developed. In this paper a comprehensive mathematical model that is capable of predicting the in-plane tape dynamics and its cross-coupling to LTM with variety disturbances is introduced. Fig. 1 shows schematic depictions of a typical tape path and the definitions of the deflection components u, v, w with respect to a fixed Cartesian coordinate system (x, y, z) , where x-, y-and z-axes represent the longitudinal, lateral and out-of plane directions. The tape is assumed to be translating in the longitudinal direction with transport velocity V x . Each one of the deflection components is a function of (x, t). The strain free configuration of the tape follows an idealized path between the two reels with perfectly aligned components. Tape mechanics is analyzed in an unwrapped, straight configuration, and the effects of the various guides and the reels are imposed with appropriate external forces and boundary conditions, respectively (Brake and Wickert, 2010a) . In this paper, we focus on the coupling between the in-plane u(x,t) and the lateral tape deflection v(x,t). The tape is modeled as a translating beam that can stretch in the inplane direction. The longitudinal strain ɛ xx in the tape is represented as follows (Nayfeh and Mook, 1979 , Reddy, 2004 , Wickert, 1992 ,
MODELING
The extended Hamilton's principle, given as follows, is used to obtain the equation of motion, a) b) Fig. 1 . a) Schematic diagram of the tape path with supply (1) and take-up reels, two cylindrical guides (1,3) and a cylindrical head (2) depicted in drive base coordinates (x1, x2). b) Schematic diagram of the longitudinal, lateral and outof-plane tape deflections.
( )
where K δ , U δ and W δ represent the variations of the kinetic energy, the strain energy, and the work done on the system, defined in the usual sense of the variational calculus, respectively (Reddy, 2004) . The details of the derivation are omitted here. However, it should be mentioned that the viscoelastic nature of the polymeric tape material is considered. The constitutive behaviour for a translating viscoelastic string is given as follows (Mockensturm and Guo, 2005) ,
where xx σ is the longitudinal stress in the tape, and E and η are the elastic and loss moduli, respectively. The motion is observed in an Eulerian reference frame, therefore the material time derivative is used,
Equation of motion of a translating tape is found as follows,
) represents the forces acting on the tape due to guides, each located at
, N g is the total number of guides, and ( ) x δ is the Dirac delta function, not to be confused with the variational symbol in (2). In this work the guides are modelled as non-rotating, cylindrical supports. Therefore, the external forces acting on the tape contain contributions due to sliding friction. In addition, the aggregate effect of the tape's resistance to lateral motion over a guide is represented as a linear spring force (Brake and Wickert, 2010b, Yang. and Muftu., 2012) This gives the following force vector components,
where the subscript-i indicates the guide number, 0 i T is the tape tension upstream of the guide, The coupled equation of motion is solved numerically; lateral deflection is interpolated by piecewise continuous thirdorder, Hermite polynomials; longitudinal deflection is interpolated by piecewise continuous linear polynomials; explicit version of Newmark's time integration method is used for time discretization (Cook et al., 2011) . The details of the derivation, which leads to the following matrix representation of the coupled equation of motion, are omitted, and [K] are the mass, gyroscopic damping, and structural stiffness matrices, respectively, { }
and { } f represent the displacement, velocity, acceleration and external forces at each point of the discretized continuum, respectively. A mesh convergence study and a verification test are presented in Appendix-A and -B, respectively.
RESULTS AND DISCUSSION
In this paper we investigate generation of LTM due to dynamic events that are predominantly in-plane.
In what follows, the tape width and thickness are 12.7 mm and 6.4 µm, respectively. The elastic modulus of the tape is 5 GPa, and it is calculated as described by (Brake and Wickert, 2010a) . The loss modulus of the tape is 13 kPa.s. The lengths of the free tape-span between the two reels ( Fig. 1 ) are 6.26, 4, 4, and 6.9 cm, respectively. The guide radii are 5, 6.2 and 5 mm, with wrap angles of 78.9, 33.8, and 77.2 degrees, respectively. The pack radii are 4.7 and 2.2 cm. The guide stiffness values are 10, 0, and 100 N/m. In this work we accommodate for the floating tape layers in the take-up reel (Keshavan and Wickert, 1997) by extending the length of the tape between the guide-3 and reel-2 by integer multiples of 2πR R2 , where R R2 is the current radius of the take-up pack.
LTM due to an Impulsive Change in Tension
There are several effects that can cause a sudden change in tape tension. For example, as the tape is unwound at the supply reel, the wound-in stress in the circumferential direction of the pack needs to adjust to the tension of the tape path. In this paper, we model the effect of such sudden changes in tension by applying a square tension impulse at the supply reel (x = 0) as follows,
where r is the tension amplitude ratio (r > -1) and the duration of impulse is (10) where w 0 and Ψ 0 represent a static tilt at the supply reel (x = 0), and (10b) represents the Shelton boundary condition at the take-up reel (x = L b ) (Brake, 2007 , Benson, 2002 , Shelton and Reid, 1971 . Note that non-zero w 0 or Ψ 0 are very commonly encountered in realistic drive conditions, and also such values are necessary in order to seed lateral motion to the tape response, in the solution approach of this paper. Fig. 2 shows the calculated longitudinal and lateral tape deflection histories monitored at the head (guide-2) position, for r = 0.5 and * τ =15 ms. Fig. 2a shows that the in plane displacement component experiences two sudden changes at the onset and end of the square wave impulse, which causes high frequency (2066 Hz), in plane vibration with maximum amplitude of ~35 and 20 µm, respectively. As a consequence of this in plane action, vibration in the lateral direction is excited as shown in Fig. 2b . This vibration shifts the tape by ~25 nm in the lateral direction, at the location of the head. The primary frequency of the vibration shown in Fig. 2b is 666 Hz.
In the course of this investigation it was found that, for a fixed r value, the maximum tape deflection is independent of the duration of the impulse, * τ . Therefore, in Fig. 3 we only present the effect of r on the maximum tape deflection for * τ = 15 ms. This figure shows that the maximum tape deflection is a linear function of r. The static tilt angle at supply reel is responsible for the unequal slopes in Fig. 3b for the positive and negative r-values.This linear behaviour in this nonlinear system is due to the definition of longitudinal strain in (1), which in this case is dominated by / u x ∂ ∂ , due to the nature of the input. This in turn ends up dominating the longitudinal and lateral responses. It is also important to notice that when a lateral deflection is the source of energy input into the system, a linear relationship of the kind described above is not expected. In that case, a larger lateral motion is expected to enhance the nonlinearity. But, this is beyond the scope of the current investigation. In a typical tape drive, the tape speed servo action causes tension fluctuations, even at steady state operating conditions (Koç et al., 2002, Mathur and Messner, 1998) . In order to investigate the effects of the in plane tension fluctuations on the LTM, the system of equations are solved with a simple harmonic tension variation, T b0 (t). The following boundary conditions are used,
where Ω T is the frequency of tension fluctuation applied at the supply reel (x = 0). 4 shows the frequency response of the in-plane and lateral tape motions for three different tape transport velocities. In this frequency range, the tape has a single resonant frequency in its in-plane dynamics, around 2100 Hz as shown in Fig. 4a . This is close to 2250 Hz, obtained from
, which is found for a non-travelling string with fixed-free boundary conditions. In response to tension fluctuations, three resonant peaks are excited in the lateral direction. These peaks are located around 700, 2100 and 3000 Hz. Transport velocity affects not only the damping in the system, but also the stiffness due to the inherent nature of the gyroscopic behaviour as expressed in the material time derivative of (3). In fact, increasing tape velocity raises the Coriollis acceleration, and eventually decreases damping and stiffness of the tape. The natural frequency and amplitudes of the lateral component of tape deflection increase, as a result of increasing the tape velocity from 2.5 m/s to 7.5 m/s. No significant frequency shift is observed at the second resonant frequency, but the response amplitude increases. A vibration mode in the lateral motion is excited around 2950 Hz. This mode absorbs increasingly more energy with increasing tape velocity. Also note that only one resonant frequency is coincident in both in-plane and lateral directions.
The effect of mean tension, T 0 , on the resonant frequencies of the system is shown in Fig. 5 . This result shows a clear coupling between the two vibration directions. Magnitude of the mean tension does not change the natural frequency of vibration in the longitudinal direction as shown in Fig. 6a . However, energy absorbed into the in-plane vibrations by the system increases with mean tension. The longitudinal strain couples the in-plane and lateral deflections, as shown in (6). Increasing tension stiffens the tape in the lateral direction, and results in increasing resonant frequencies of the lateral vibration modes. This increase is small at the natural frequency, but it can be seen more clearly at around 2,800 Hz (fourth resonant frequency). Also note that a resonant frequency around 1,600 Hz appears for the T 0 = 0.25 N. This frequency is merged with the third natural frequency for higher tension values.
The effect of the floating layers in the take-up pack is analysed for 0, 1 and 2 layers. Floating layers increase the tape span. In order to stay consistent in numerical analysis, the element size is kept constant, but the number of elements is increased. Fig. 6 shows that the increasing number of floating layers dramatically reduces the resonant frequencies of the in-plane and lateral tape dynamics. Both lateral and longitudinal vibration resonant frequencies move to lower values with increasing number of layers. In spite of using a sampling rate of 10 Hz in the 100 -1000 Hz range, the frequency spectrum of the case of 2 layers shows sharp variations in Fig. 7b . Increasing the number of layers adds more resonant frequency values into the 5 kHz range. This result is attributed to the fact that longitudinal and lateral tape vibrations have natural frequencies proportional to the reciprocal of total tape length. 
SUMMARY AND CONCLUSIONS
Equation of motion of a tensioned tape, translating between two reels, and supported by friction guides is presented. In particular the non-linear coupling between the in-plane and lateral tape deflection components is modelled. The coupling is investigated for two scenarios that are common in current tape drive systems: a) tension impulse due to mismatch of inplane stresses in the reel and the tension on the tape-path; and b) tension fluctuations due to tape-speed servo control.
It was shown that the tension impulse can cause a high frequency high amplitude wave in the in-plane direction, and also excites lateral motion. The effect of the in-plane wave can potentially cause local stretching of the bits. APPENDIX-A Mesh convergence is carried out for the geometry described in Fig. 1 , without any guides. The supply pack is tilted by 0.1 mrad, and an impulse is applied in the tensile direction from the supply pack. The amplitude of the impulse is 1.2T 0 with duration of 15 ms. The mean tension is 0.25 N, and the tape velocity is 7.5 m/s. Dynamics of the mid-point of the tape span is monitored for different number of elements (20, 30, 40, 50 and 60) and time step sizes (5, 10, 50 ns). Results are compared in Fig. 7 . The change in the predicted response by increasing the number of elements from 20 (blue solid line) to 30 (blue dash-dot line) is significant. The change is much less from 40 elements to 60. The difference between the 50 (blue dashed line) and 60 (blue dashed line) elements is within 1 nm. In this study, 50 elements, with corresponding length of x ∆ = 4.77 µm, is used. The temporal convergence study shows (Fig. 7b) that the results are virtually identical for all three time step sizes. In the rest of this study t ∆ = 10 ns is used.
The effectiveness of the numerical approach to predict the classical results is investigated for the case of constant tension. The longitudinal stress is modified as follows, 
The same numerical approach outlined above is used for a tape translating between two supports. Equations (5) ≤ Ω ≤ is conducted for w 0 = 1 µm, for different tape transport speeds. Fig. 8 demonstrates the effects of velocity and tension on the natural frequencies. Fig. 8 shows that the natural frequencies decrease by increasing velocity for all the modes in the range investigated. This trend is consistent with (Wickert and Mote JR, 1990 ) who gives the critical transport velocity as V xc = 124.3 m/s. 
